Traditional statistical test procedures are briefly reviewed. It is pointed out that significance testing may not always be reliable. The author has formulated a modelling procedure, the H-principle, for how mathematical modelling should be carried out in the case of uncertain data. Here it is applied to linear regression. Using this procedure, the author has developed a common framework for carrying out linear regression. Six regression methods are analysed by this framework, two stepwise methods: principal component regression, ridge regression, PLS regression and an H-method. The same algorithm is used for all methods. It is shown how model validation and graphic analysis, which is popular in chemometrics, apply to all the methods. Validation of the methods is carried out by using numerical measures, cross-validation and test sets. Furthermore, the methods are tested by a blind test, where 40 samples have been excluded. It is shown how procedures in applied statistics and in chemometrics both apply to the present framework.
Introduction
Regression analysis is the most studied subject within theoretical statistics. Numerous books have been published. Advanced program packages have been developed that make it easy for users to develop and study advanced models and methods.
if a variable/factor is significant, its presence in the model improves the predictions derived from the modelling results.
Today measurement instruments are becoming more and more advanced, e.g. optical instruments are becoming popular in industry. They may give thousands of values each time a sample is measured. In applied research, the tendency is to include as much information as possible in order to cover possible alternatives of the situation. When adding interactions or non-linear terms, we also see data having hundreds or thousands of variables.
There are three basic challenges in applied data analysis, which are as follows: (1) Data in applied sciences and industry are typically generated by instruments that produce many variables. In these cases, the data have latent structure, which means that the data values are geometrically located in a low-dimensional space. However, mathematical models and methods usually assume that the X-data have full rank. In these cases, the models are often incorrect and may give imprecise results.
(2) Typically, scientists develop solutions that are optimal or unbiased. This is a natural approach, because the derived solutions have important properties, when data satisfy the given model. Simulations based on the model confirm the optimality, but often in practice the data often do not satisfy the assumptions of the model. Forcing an optimal solution on the data may give results that have bad or no prediction ability. A better solution may then be obtained by relaxing on the optimality or unbiasedness of the solution.
(3) It is a tradition to base results of regression analysis on testing the significance of the variables in the model. However, the results may not always be reliable. The influence of a variable can be so small that it may be of no importance, see Section 3.3. At professional organizations, it is considered to be serious problem for the researchers in the field.
H-principle is a prescription of how a solution to a mathematical model should be generated, when data are uncertain. It is proposed that the determination of the solution should be carried out in steps and compute the improvement in the solution and the associated precision at each step. It is suggested that the solution at each step should be an optimal balance between the improvement and the associated precision. Determination of the solution continues as long as it is supported by the given (uncertain) data.
The author has developed a framework linear regression, which is inspired by the H-principle. Using this framework, the same algorithm is applied for carrying out different types of regression analysis. Most regression methods based on linear algebra can be carried out within this framework. Here, we carry out the analysis of six different methods. Numerical and graphic analyses of the results are the same for all the regression methods.
In Section 2, we specify the used notation and briefly describe the used data. In Section 3, we consider some basic issues in modelling data. The background for the H-principle is treated. In Section 4, we consider the latent variable regression model. In Section 5, we present the Hprinciple and show some examples of its usage. In Section 6, we present a common framework for linear regression. In Section 7, we discuss model validation. This is an important topic, but we only consider essential aspects that are used in the analysis of the six methods. In Section 8, we present the results for six different regression methods: (1) stepwise (forward) regression maximising covariance, (2) stepwise (forward) regression maximising R 2 , (3) principal component regression, (4) ridge regression, (5) PLS regression and (6) an H-method.
Section 9 briefly discusses the results presented. In Section 10, we mention application of the H-principle to multi-block and path modelling, non-linear modelling and extension to multilinear algebra. Section 11 presents conclusions.
Notation, data and scaling
Matrices and vectors are denoted by bold letters; matrices by upper case and vectors by lower case. In order to facilitate the reading of the equations, different types of indices are used for the steps and for the matrices/vectors. The letters a and b are related to the steps in the algorithm. The letters i, j and k are used for the indices within a matrix/vector. It is assumed that there is given instrumental data X,N + K matrix, and response data Y,N + M matrix. The regression data are denoted by (X, Y). In some cases, only one y-variable, y, is used. This is done to simplify the equations. It is assumed that data are centred, which means that average values are subtracted from each column of X and Y. This also makes it easier to read the equations. x j is the j th column of X and x i is the i th row of X =(x ij ). A latent variable τ is a linear combination of the original measured variables,
The data used here are from an optical instrument. The instrument gives 1200 values at each measurement. However, technical knowledge of the instrument suggests that only 40 values should be used for determining the substance in question, the y-values. Two hundred samples are measured. Forty samples are put aside for a blind test. Thus, the calibration analysis is based on 160 samples. This gives X as 160 + 40 matrix and y a 160 vector. These data are challenging and represent a common situation, when working with optical instruments (FTIR, NIR, fluorescence etc.).
It is sometimes important to determine if data should be scaled or not. Scaling can be obtained by multiplying X and Y by diagonal matrices. If C 1 and C 2 are diagonal matrices, the scaling of X is done by the transformation, X←(XC 1 ) and of Y by Y← (YC 2 ). The linear least squares solution for (X, Y) is given by B ¼ðX T XÞ −1 X T Y. This solution can be obtained from the linear least squares solution for scaled data, B 1 , as follows,
This shows that when computing the linear least squares solution, we can work with the scaled data. The original solution is obtained by scaling 'back' as shown in the equation. We use this property also, when we compute the approximate solution. If original data follow a normal distribution, the scaled ones will not. However, for large sample number like given here, the differences will be negligible.
Linear regression 3.1. Traditional regression model
It is assumed that there are given instrumental data X and response data y. A linear regression model is given by
The x-variables are called independent variables and the y-variable is the dependent one. When the parameters β have been estimated as b, the estimated model is now
When there is given a new sample x 0 =( x 10 ,x 20 , …,x K0 ), it gives the estimated or predicted value y 0 = b 1 x 10 + … + b K x K0 . There can be many estimates for the regression coefficients. Therefore, Greek letters are used for the theoretical parameters and Roman letters for the estimated values. It is common to use the linear least squares method for estimating the parameters. It is based on minimizing the residuals, (y-Xβ)
T (y-Xβ) ! minimum, with respect to β. The solution is given by
It is common to assume that the residuals in Eq. (3) are normally distributed. This is often written as y~N(Xβ, σ 2 ). It means that the expected value of y is E(y)=Xβ and the variance is Var(y)=σ 2 I, where I is the identity matrix. The linear least squares procedure coincides with the maximum likelihood method in case the data follow a normal distribution. Assuming the normal distribution, the parameter estimate b has the variance given by
Here σ 2 is estimated by
where the residuals, e i' s, are computed from e = y -Xb.
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Assumptions and properties
It is assumed that the matrix X T X has an inverse. Furthermore, it is assumed that the samples are independent of each other. In case the model (Eq. (3)) is correct and data follow the normal distribution, the estimate (Eq. (5)) has some important properties compared with other possible estimates: a. It is unbiased, E(b)=β. (4)) is an important part of the statistical analysis. Therefore, it is common to evaluate the parameters with the aid of a significance test. If a variable is not significant, it may be excluded. A parameter associated with a variable is commonly evaluated by a t-test. A t-test of a parameter b i is given by
Here s 2 is given by Eq. (7) and s ii is the ith diagonal element of (X
. This is the motivation that the program packages such as SAS and SPSS in statistics compute the linear least squares solution in the case of linear regression analysis as the initial solution.
Significance of the parameters in Eq. (4) is shown using Eq. (8).
The problem in using the least squares solution appears when the precision matrix becomes close to singular. If the computer program (SAS or SPSS) detects that the computation of b may be imprecise due to close to singularity of the precision matrix, the user is informed that the estimates b may be imprecise. However, the information is related to the judgement of the situation and the numerical precision of the computer. There are practical issues long before the question of the numerical uncertainties of the estimates, b's.
Consider two examples. Suppose that X is N + 2 and that x 1 =cx 2 + δ, for some constant c, where |δ|<1 0 -5 . We may be able to compute (X T X)- , inference from Eq. (4) may be uncertain or incorrect. The first example may not be realistic. However, the second one is realistic. It is common that data in applied sciences and industry are of reduced practical rank. In these cases, the model (Eq. (3)) is incorrect and leads to uncertain or incorrect results.
Stepwise linear regression
We shall consider closer the procedure of stepwise linear regression. We do that by using the Cholesky factorization X T X = FF T , where F is lower triangular. Then we can write the columns of the data matrix X as
The vectors (t i ) are mutually orthogonal and of length 1, t i T t j = δ ij . The significance of x K , when
given, is computed from Eq. (8) with
This gives
This shows that the t-test for the significance of x K is independent of the size F KK . When the selection of a new variable is carried out among many variables (e.g. 500), there is a considerable risk that F KK is so small that the marginal effect of x K is of no importance although it is being declared as statistically significant. The issue is that the user of program packages is not informed of, if a significant variable improves the prediction of the response variable or not.
Variance of regression coefficients
It is instructive to study closer the variance of the regression coefficient in the linear least squares model, Eq. (6). It can be written as
An important objective of the modelling task is to keep the value of Eq. (12) as small as possible. Equation (12) is a product of two parts. For these two parts it can be shown that, when a new variable is added to the model i. the residual error,
ii. the precision matrix, ðX T XÞ −1 , always increases (In theory these measures can be unchanged, but in practice these changes always occur). Note that the two terms, (i) and (ii), are equally important and appear in a symmetric way in Eq. (12) . If the data are normally distributed, it can be shown that a. the residual error,
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are stochastically independent. This means that the knowledge of one of them does not give any information on the other one. If, for instance, a certain fit has been obtained, then there is no information on (b). In order to know the quality of predictions, we must be compute (b) and use Eq. (12) . Knowing (a), the results concerning the precision matrix can be good or bad. Program packages only use the t-test or some equivalent measure to evaluate to test significance of the variables/components. There is no information on the precision matrix. We must compute the precision matrix together with the significance testing in order to find out how well the model is performing. However, a modelling procedure must include both (a) and (b) in order to secure small values of Eq. (12) .T h e procedure must handle both the decrease of (i) and the increase of (ii) during the model estimation.
Latent variable model
The measurement data in applied sciences and industry often represent a 'system', where variables are dependent on each other from chemical equilibrium, action-reaction in physics and physical and technical balance. Geometrically, the samples are located in a low-dimensional space. In these cases, the model (Eq. (3)) is incorrect (apart from simple, designed laboratory experiments) and the nice theory above may not applicable. Why is this the case? When a new sample is available, we cannot automatically insert it into Eq. (4) and compute the y-value. We must secure that the new sample is located geometrically along the samples used for analysis, the rows of X. A correct model for this kind of data is
Here (τ a ) are latent variables and (α a ) are the regression coefficients on the latent variables. The regression task is both to determine the latent variables, τ's, and to compute the associated regression coefficients. The resulting Eq. (13) is then converted into Eq. (4) using Eq. (26). The model (Eq. (13)) is called latent structure linear regression. It is sometimes difficult to make 'good' interpretation of the variables, when using latent variables. However, by using appropriate modelling procedure, it is possible to obtain a fairly good interpretation of the variables (see Section 5.4).
The H-principle of mathematical modelling
Background
In the 1920s, there were large discussions on the measurement aspects of quantum mechanics. W. Heisenberg pointed out that there are certain magnitudes that cannot be determined exactly at the same time. His famous uncertainty inequality states that there is a lower limit to how well conjugate magnitudes can be determined at the same time. The position and momentum of an elementary particle is an example. For that example, the inequality is
The lower limit of the inequality is related to the Planck's constant of light. These considerations are based on physical theory. In practice, it means that there are some restrictions on the outcome of an experiment. The results may depend on the instrument and the phenomenon being studied. The restrictions are detected by the application of the measurement instrument. The uncertainty inequality and the associated theory are a kind of guidance, when carrying out experiments.
The H-principle
When modelling data, there is an analogous situation. Instead of a measurement instrument we have a mathematical method. The conjugate magnitudes are ΔFit and ΔPrecision and they cannot be controlled at the same time. It is recommended to carry out the modelling in steps and at each step evaluate the situation as prescribed by the uncertainty inequality. At each step, it is assumed that there is given a weight vector. The recommendations of the H-principle of mathematical modelling are the following (expressed in the case of regression analysis):
1. Carry out determining the solution in steps. You specify how you want to look at the data at this step by formulating how the weights are computed. Note that the H-principle is a recommendation of how to proceed in determining the solution of a mathematical problem, when data are uncertain. It is not like maximum likelihood, where a certain function is to be maximized. However, it is necessary to compute the improvement in the solution at each step and the associated precision. The optimal balance is described in Section 3 and the situation is evaluated to find out if data are following along.
Application to linear regression
Let us consider closer how this applies to linear regression. The task is to determine a weight vector w according to this principle. For the score vector t = Xw we have 20)) gives orthogonal score vectors, t's. Therefore, the variance, (b), is used for the precision. Treating Σ as a constant the task is to maximize
This is a maximization task because improvement in fit is negative. The maximization is carried out under the restriction that w is of length 1, |w|=1. By using the Lagrange multiplier method, it can be shown that the task is an eigenvalue task,
In case there is only one y-variable, the eigenvalue task has a direct solution
These are the solutions used in PLS regression. Thus, we can state that the PLS regression is consistent with the H-principle. H-methods take as a starting point the PLS solution and determine how the prediction aspect or the solution can be improved.
Interpretation of the modelling results
The fit obtained by the score vector t is
The regression coefficient can be written similarly as
where ¼ðC T SCÞ At each step, we can see how much each variable contributes to the fit and the regression coefficient.. There are many ways to carry out a regression analysis. Here we present a general framework for carrying out linear regression that includes most methods based on linear algebra. The basic idea is to separate the computations into two parts: the first part is concerned on how it is preferable to look at data. In practice, there can be different emphasis on the regression analysis. Sometimes it is important to determine important variables. In other cases, it may be the predictions derived that is important. The other part is the numerical algorithm to compute the solution vector and associated measures. At the first part, it is assumed that a weight matrix W =(w 1 , …,w K ) is given. Each weight vector should be of length one, although this is not necessary. The weight vectors (w a ) specify how one wants to look at the data. They may be determined by some optimization or significance criteria. They may also be determined by a standard regression method such as PLS regression. In Section 6.4, we show the choices in the case of the six regression analysis. The role of the weight vectors is only to compute the loading vectors. The other part of the computations is a numerical algorithm, which is the same for all choices of W. There is no restriction on the weight vectors except that they may not give zeroloading vector, p a ≠ 0.
Decomposition of data
The starting point is a variance matrix S and a covariance matrix C. S can be any positive semidefinite matrix, but C is assumed to be the covariance,
The algorithm is formulated for multiple y's.
Initially S 0 = S and C 0 = C and B = 0. For a =1,…, K:
Loading weight vector : v a (23)
The loading weight vectors are computed by, see reference [1] ,
S is adjusted by the loading vector p a and similarly for C,
The adjustment of S is of rank one reduction. S also reduces in size by
The loading weight matrix V satisfies
, see reference [1] .
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Expansion of matrices
At a = K we get S K = 0. Expanding S and C we get
Inserting appropriate matrices we get
If S = X T X, we can expand X and Y in a similar way. Compute a score matrix T by T = XV. This gives
The score vectors are mutually orthogonal. This follows from T T T = D-1 . Generally, only A terms of the expansions are used, because it is verified that the modelling task cannot be improved beyond A terms. For the proof of geometric properties of the vectors in these expansions, see reference [1] .
It can be recommended to use a test set, (X t , Y t ), when carrying out a regression analysis. Centring (and scaling if used) is done on the test set by using the corresponding values from (X, Y). The estimated y-values are computed as Ŷ t = X t B and the score vectors for the test set as T t = X t V. It is often useful to study the plots, showing columns of Y against columns of T (in stepwise regression, the plots are called added variable plots). Similarly, we can plot the score vectors of the test set, the columns of T t , against columns of Y t .
Choices of weight vectors
The weight vectors for the six regression methods are as follows:
(i) Stepwise regression, maximize covariance:
, and ¼ 0 otherwise (36) (iii) and (iv) Eigenvector of S:
where C a is the reduced covariance.
(vi) H-method:
The weight vector of PLS regression is sorted with largest first, w 
The index m is chosen, which gives the best explained variation,
For further details of this method, see reference [2] . It has been applied to different bio-assay studies, where there can be many variables (3000 or more). Comparisons with several other methods have been shown that this method is preferable to work within the bio-assay studies, see references [3, 4] . Several other methods to improve the PLS solution have been developed.
Model validation 7.1. Numerical measures
The Mallow's Cp value and Akaike's information measure are commonly presented as results in a regression analysis. Mallow's Cp value is given by
As σ 2 we use the residual variance, s it should be as small as possible.
ii. its value should be as close to A as possible
iii. deviations of C p from A suggests bias
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Akaike's information measure is given by
It is an information measure that states the discrepancy between the correct model and the one obtained at step A. The number of components, A, is chosen that gives the smallest value of Eq. (32).
Both C p and AIC have the property that they are not dependent on the given linear model, [5, 6] . Therefore, they can be used for all six methods considered here.
A t-value for the significance of a regression coefficient is given by
Here t A is the Ath score vector of unit length. The significance, p-value, of the t-value can be computed using the t-distribution. Although the assumptions of a t-test are not valid for any of the six methods, it is useful to look at the significance. One can show that theoretically this value should be larger than 2 in order to be significant.
When comparing methods, it is useful to look at the estimate for the variance, Var(b), of the regression coefficients. We compute
We cannot use this measure to determine the dimension. However, it is useful in comparing different methods.
The covariance
Eq. (15) is equivalent to the singular value decomposition of the covariance C. Therefore, it is suggested that the modelling of data should continue as long as the covariance is not zero. The dimension of a model can be determined by finding, when C = X T y ≅ 0 for reduced matrices. One procedure is to study the individual terms, (x i T y). Assume that data can be described by a multivariate normal distribution with a covariance matrix Σ xy . Then, it is shown in reference [7] that the sample covariances (x i T y)/(N -3) are approximately normally distributed. If σ xi,y =0,it is shown in reference [7] that approximate 95% limits for the residual covariance, (x i Thus, when modelling stops, it is required that all residual covariances should be within these limits. If σ xi,y = 0, the distribution of the residual covariance approaches quickly the normal distribution by the central limit theorem. Therefore, it is a reliable measure to judge, if the covariances have become zero or close to zero.
Another approach is to study the total value, y T XX
. If the covariance matrix Σ xy is zero, Σ xy = 0, the mean, µ = E{(y T XX T y)}, and variance, σ 2 = Var{(y T XX T y)}, can be computed [8] . If the covariance is not zero, Σ xy ≠ 0, it can be shown that E{(y T XX T y)} > µ. The upper 95% limit of a normal distribution N(µ,σ 2 ) is µ + 1.65σ. This is used for mean and variance. In the analysis, it is checked if y T XX T y is below the upper 95% limit (a one-sided test)
When this inequality is satisfied, there is an indication that modelling should stop.
In the analysis in Section 8, we use the p-value,
This analysis has been found useful for different types of regression analysis.
Cross-validation and test sets
In stepwise regression, a search is carried out to find the next best variable. In PLS regression, a weight vector w is determined that gives the maximal size of the y-loading vector q. When search or optimization procedures are carried out there is a considerable risk of overfitting. On the other hand, it is important to have large values, both large x-samples and y-values, in order to obtain stable estimates. In chemometrics, these special features of prediction are well known. A 10-fold cross-validation is often used. The samples are divided randomly into 10 groups. Nine groups are used for calibration (modelling) and the results applied to the 10th group. This is repeated for all groups so that all y-values are computed by a model, y c , that is using 90% of the samples. Experience has shown that this procedure may not always function well. As an example, one can mention the case, where the y-values have very skew distribution. There can be big difference in the results from cross-validation depending on how well large y-values are represented in the groups. It may be necessary that each group has a similar 'profile' as the total set of samples. For the present data, the y-values show very skew distribution (log(log(yvalues)) show a normal distribution). It may be necessary that each group is representative for the whole data. This can be achieved by ordered cross-validation. Here, the samples are ordered in some way, which reflects the variation or sizes in data. In a 10-fold ordered cross-validation, the first group of samples is number 1, 11, 21, etc. of the ordered samples. The second group of samples is number 2, 12, 22, etc. In this way, each of the 10 groups of samples is representative with respect to the chosen ordering. The cross-validation is now carried out in the usual way.
As a result of cross-validation, we compute
D a is computed for each dimension. In the analysis below sorted y-values are used in the ordered cross-validation. A test set for the analysis is also selected in a similar way. Samples
Advances in Statistical Methodologies and Their Application to Real Problems 66
are ordered according to the first PLS score vector. 15% of the samples or 160 + 0.15 = 24 samples are used in the test set (X t , y t ). Thus, the analysis in Section 8 is based on 136 samples. Equation (38) is also used, when applying results to a test set (y = y t and y c = X t + b).
Results for six different methods
Preliminary remarks
We have chosen here data that are challenging to work with. They are representative for many situations that industry and research projects find themselves in, when working with optical instruments. It is expected that large dimension is needed to model the data. The aim of the present work is to show how commonly used measures in applied statistics and popular chemometric procedures fit within the present framework. Therefore, we have chosen data, where there is not big difference between the six methods chosen here. We show that the different measures/procedures do not agree on what dimension should be used. Thus, the data analyst is choosing one set of measures that will typically be based on experience. It is a part of industry standard, see reference [9] , to develop a calibration method. When the development work is finished, a blind test is carried out for 40 new samples. The data analyst should not know the new 40 reference values, y-values. The estimate for the new 40 samples should be evaluated by another person. This procedure is used here: the last 40 samples are put aside and the calibration analysis will be based on the other samples. When analysis has been completed for the six methods, we apply the results to the 40 samples. Optical instruments may give thousands of values for each measurement that is carried out (the one used here gives 1200 values). Experts often point out which part of the data should be used. Here it has been proposed to work with 40 variables, which all show significant correlation with the y-values. An upper limit for the dimension is chosen here to be 20. There is not a numerical problem in computing the precision matrix. The ratio between the largest and the smallest eigenvalue of S is λ 1 /λ 40 = 9.0 + 10 6 . However, experience suggests that the dimension should be less than 20.
Modelling results for six methods
In order to make readings of the following tables easier, we shall use the following headings for the tables. The improvement in fit, size of score vectors, etc. are not shown in the tables below. Only dimensions from 10 to 20 are shown. Dimensions from 1 to 9 are all significant for all methods.
Forward stepwise regression, maximal covariance
Here a variable is selected at each step that has maximal covariance |(x i T y)| for the reduced data ( Table 1) .
The 15th variable selection has the smallest AIC value and highly significant t-value. Therefore, it seems reasonable to choose 15 variables. Cross-validation and test set have reached the high level at dimension 10 or 11. This indicates some overfitting by choosing 15 variables.
Forward stepwise regression, maximal R
-value
Here a variable is selected at each step that has maximal size of (x i T y) 2 /(x i T x i ) for the reduced data ( Table 2) .
It seems appropriate to choose 16 variables. Seventeenth is at the boundary of being also significant. C p for 16 variables indicates some bias present. Cross-validation and test set have reached high values at step 10, which indicates some overfitting.
Principal component regression
Here score vectors are selected that correspond to the associated eigenvalues ( Table 3) .
Score vector no 14 is not significant, and perhaps should be excluded. It seems appropriate to choose dimension 17 here. It is common to remove score vectors that are not significant. Table 1 . Nine measures at stepwise selection of variables having maximal covariance.
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However, it may not always be a good practice. The t-test is not a valid test and the score vectors beyond dimension 20 are so small that they have no practical importance.
Ridge regression
Here score vectors are selected that correspond to the associated eigenvalues of S = X T X + kI.
The value of k is estimated by leave-one-out cross-validation, see reference [1] . The optimal value of k is k = 0.0002 (Table 4) .
It seems also appropriate here to choose dimension 17. The value of k is based on the full model. However, there is no practical difference between dimension 17 and a full model. Table 2 . Nine measures at stepwise selection of variables having maximal increase in R 2 . Here, it can be recommended to use 13 components. When 13 have been selected, there is no covariance left (see steps (v) and (vi)) ( Table 6) . Table 4 . Nine measures at ridge regression. Table 5 . Nine measures at PLS regression.
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Evaluation of modelling results
When modelling has been carried out, industry standards recommend to apply the model to 40 new samples, (X n , y n ). The estimated values are ŷ n = X n b. X n are the new X-values and b is the regression coefficients from the method. Results are shown in Table 7 .
From Table 7 , it can be seen that PLS regression is slightly better than the other methods. The table also shows the estimate of the standard deviations of the regression coefficients. It shows that the PLS regression has much smaller value than the other methods. In conclusion, the PLS regression can be recommended for determining y-values for future samples.
Note that the values in the first row in Table 7 are smaller than those were obtained for crossvalidation and test sets during the calibration analysis. It indicates that the new 40 samples deviate in some way from the 160 samples that were used in the analysis. This is not explored further here.
Confidence interval for regression coefficients
Approximate confidence intervals for regression coefficients can be obtained by the procedure presented in reference [10] . Let e i be the ith residual obtained by a regression method. Define 
Anewsetofresidualse Ã i are defined by randomly sampling from the modified residuals r 1 , …, r N . By repeating the generation of (e Ã i ), a new set of regression coefficients are obtained. This can be repeated say 200 times to get a confidence interval for the regression coefficients.
Discussion
Interpretation of Tables 1-6 reflects personal experience. Others may select the dimension in a different way. The main issue is that the dimension of all the selected methods is less than 20. If a full model including all 40 variables is estimated, we are overfitting by a dimension over 20. Regression coefficients become large and inference from the estimation not reliable.
The advantage of working with latent variable is that the first ones collect a large amount of variation. This is well known from principal component analysis. Interpretation of variables cannot be done directly in latent variable models. However, using Eqs. (17) and (18) we can set up equations that show how individual variables contribute to the fit and regression coefficients.
Applications of the H-principle
The H-principle has been extended to many areas of applied mathematics. It has in general been successful due to the presence of latent structure in data. The implementation of the H-principle is different from area to area. Furthermore, 'household' administration may be needed in order to keep the number of variables low (cf. Mallows theory). In many cases, it has opened up for new mathematics.
In reference [11] , it has been extended to multi-block and path modelling, giving new methods to carry out modelling of organized data blocks. The importance of these methods is due to the fact that the methods of regression analysis are extended so that regression models are computed between data blocks. Methods of regression analysis can be used to evaluate relationships between data blocks. Complicated assumptions like we see in structural equations modelling are not needed.
Linear latent structure regression can be viewed as determining a low-dimensional hyperplane in a high-dimensional space. In reference [12] , it is extended to finding low-dimensional second, third and higher order surfaces in latent variables. Deviations from linearity often appear as curvature for low and high sample values, which can be handled by these surfaces. In reference [13] , it has been applied to non-linear estimation that may give good low-rank solutions, where full-rank regularized solutions do not give convergence.
In reference [14] , it is extended to multi-linear algebra, where there are many indices in data, e.g. X =(x ijk ) and y =(y ij ). The basic issue in multi-linear algebra is defining the inverse. This is solved by defining directional inverses for each dimension. It makes it possible to extend methods of ordinary matrix analysis to multi-linear algebra. These methods have been successfully applied to multi-linear data and to growth models.
The H-principle has been applied to several areas of applied statistics. Here we briefly mention a few.
In time series analysis and dynamic systems, the objective of modelling is both to describe the data and also to obtain good forecasts. Thus, the requirement to a latent variable is both that it describes X and also gives good forecasts. Traditional models only focus on the description of X. By requiring that the latent variables also should give good forecast, better models are obtained.
In pattern recognition and classification, the objective of modelling is both to obtain good description of each group of data (that are detected or given a-priori) and to get low-error rate of classification. There are different ways to implement the H-principle in these areas, which have been developed. Applications show that these methods are superior to those based on statistical theory (e.g. linear and quadratic discriminate analysis based on the normal distribution, principal component analysis of each group of data).
Conclusion
We have presented a short review of standard regression analysis. Theoretically, it has important properties, which makes it a standard approach in popular program packages. However, we show that the results obtained may not always be reliable, when there is a latent structure in data. This is a serious problem in industry and applied sciences, because data typically have latent structure.
The H-principle is formulated in close analogy to the Heisenberg uncertainty inequality. It suggests that in the case of uncertain data, the computation of the mathematical solution should be carried out in steps, where at each step an optimal balance between the fit and associated precision should be obtained. A general framework is presented for linear regression. Any set of weight vectors can be used that do not give loading vectors of zero size. Using the framework, six different regression methods are carried out. It is shown that the methods give low rank solutions. The same type of numerical and graphic analysis can be carried out for any type of regression analysis within this framework. Traditional analysis in applied statistics and graphic analysis, which is popular in chemometrics, can be carried out for each method that uses the framework.
The algorithm can be viewed as an approximation to the full rank solution. Modelling stops, if further steps are not supported by data. Dimension measures, cross-validation and test sets are used to identify, when the steps are supported by data.
